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Substituting (2.14) into (2.10)—(2.13), we obtain the following rela-
tionships:

V - (¢E¢) =0, (2.16)
V x E; = iwuH, (2.17)
V-H. =0, (2.18)

V x He = —iweE:, (2.19)

where the complex permittivity of the medium is defined as
O
8:€0<1—|—X)—|—Ia. (2.20)

Except for eg, which is a fundamental, real-valued physical constant,
all other parameters depend on the medium under consideration as
well as on the frequency w.

Problem 2.4: Verify that (2.16)—(2.19) follow from (2.3)-(2.9) and
(2.14).

Solution for a Plane Wave

Any harmonic electromagnetic field satisfying the above equations
is physically realizable. However, we will restrict our attention to
solutions describing a plane wave. Such solutions have the form

Ec = Eoexp(ik-X —iwt),  H¢ = Hoexp(ik-% —iwt), (2.21)

where Eq and Hy are constant (complex) vectors, and k = kK’ + ik”
is a complex wave vector. Thus

=

Ec = Eoexp(—K” - X) exp[i(K - % — wt)], (2.22)

Lo

H. = FHoexp(—K” - X) exp[i(K' - X — wt)]. (2.23)
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These relationships imply that the vector k’ is normal to planes of
constant phase (and thus indicates the direction of propagation of
the wave crests), while K’ is normal to planes of constant amplitude.
The two are not necessarily parallel. When they are, or when K" is
zero, the wave is called homogeneous.

The term Eg exp(—K” - X) gives the amplitude of the electric wave
at location X. If K" is zero, then the medium is nonabsorbing, be-
cause the amplitude is constant. The quantity ¢ = K - X — wt gives
the phase. The phase speed of the wave is given by

w

Substituting (2.21) into (2.16)—(2.19) yields

k-Eq=0, (2.25)
K-Ho =0, (2.26)
k x Eg = wuHo, (2.27)
K x Ho = —weEy. (2.28)

Problem 2.5: Verify that (2.25) follows from (2.21) and (2.16) by (a)
expanding (2.21) in terms of the individual components of the vec-
tors Eo, k,Xand (b) substituting this expression into (2.16) and apply-
ing the divergence operator (V:). The remaining equations (2.26)-
(2.28) are derived in an analogous way.

If we now take the vector product of k with both sides of (2.27),
K x (E x Ep) = w‘uR x Ho = —sywzﬁo, (2.29)
and use the vector identity

dx (bx¢) =b(d-¢)—c(a-b), (2.30)
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we see from (2.25) that the first term on the right is zero, thus

K k= sywz. (2.31)
In the case of a homogeneous wave, the above simplifies to
(K| +iK"[)? = epcw? (2.32)
or . B
K| +i|K"| = w\/en. (2.33)

Phase Speed

In a vacuum, K’ = 0, the permittivity of free space ¢ = ¢y = 8.854 x
10712 F m~1, and the magnetic permeability i = yo = 1.257 x 10~°
N A2, From (2.24), we have the following phase speed in a vac-
uum:

C= 1/\/80“110. (2.34)
If we substitute the above numerical values of g9 and yq into this
expression, we obtain the speed of light in a vacuum ¢ = 2.998 x
108 ms L
In a nonvacuum, we can write

L N
|k’!+l\k”\=w,/—€zz0 ewo:wT, (2.35)

where the complex index of refraction N is given by

A
N = o =T (2.36)

with ¢’ = 1/, /eji. If N happens to be pure real (i.e., if k” = 0and the
medium is therefore nonabsorbing), then ¢’ may be interpreted as
the phase speed of the wave within the medium. Even in absorbing
media, this is still a reasonable, though approximate, way to view
c.

For most physical media, N > 1, which implies a reduced speed
of light relative to that in a vacuum. It is important to keep in mind
that N is not only a property of a particular medium but also gener-
ally a strong function of frequency.
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